In this work we construct an effective four-dimensional model by compactifying a ten-dimensional theory of gravity coupled with a real scalar dilaton field on a time-dependent torus. The corresponding action in four dimensions is similar to the action of K-essence theories. This approach is applied to anisotropic cosmological Bianchi type V I (h=−1) model for which we study the classical coupling of the anisotropic scale factors with the two real scalar moduli produced by the compactification process. The classical Einstein field equations give us a hidden symmetry, corresponding to equal radii B=C, which permits us to solve exactly the equations of motion. With this hidden symmetry, then we solve the FRW, finding that the scale factor goes to B radii. Also the corresponding Wheeler-DeWitt (WDW) equation in the context of Standard Quantum Cosmology is solved. Bohm's formalism for this cosmological model is revisited too.
I. INTRODUCTION
One of the most important things that we have learned from Planck's results [1] is related to the little anisotropies of the universe. This result have played a tiny role in many theoretical results that describe the dynamics of the universe, if we take the case of the Friedmann-Robertson-Walker (FRW) cosmological model we observe that all the results in this road is developed in the cosmological principle scenario (homogeneous and isotropic universe). Another interesting aspect of cosmology is the inflationary process that the universe has undergone in its early stages. In order to explain this process it has been necessary to introduce a scalar field in gravity theory that allows us to explain the accelerated expansion of the universe.
The above problems have suggested to consider the presence of higher-dimensional degrees of freedom in the cosmology derived from four-dimensional effective theories. Some features of the presence of higher-dimensional effective theories is to consider an effective action with a graviton and a massless scalar field, the dilaton, describing the evolution of the universe [2, 3] . On the other hand, it is well known that relativistic theories of gravity, such as general relativity or string theories, are invariant under reparametrization of time. The quantization of such theories presents a number of problems of principle known as the "the problem of time" [4, 5] . This problem is present in all systems, whose classical version is invariant under time reparametrization, leading to its absence at the quantum level. Therefore, the formal question involves how to handle the classical Hamiltonian constraint, H ≈ 0, in the quantum theory. Also, connected with the problem of time is the "Hilbert space problem" [4, 5] referring to the not at all obvious selection of the inner product of states in quantum gravity, and whether there is a need for such a structure at all.
In the present work we shall consider an alternative procedure about the role played by the moduli. In particular we shall not consider the presence of fluxes, as in string theory, in order to obtain a moduli-dependent scalar potential in the effective theory. Rather, we are going to promote some of the moduli to time-dependent by considering the particular case of a ten-dimensional gravity coupled to a time-dependent dilaton, compactified on a six-dimensional torus with a time-dependent Kähler modulus. With the purpose to track down the role play by such fields, we are going to ignore the dynamics of the complex structure field (for instance, by assuming that it is already stabilized by the presence of a string field in higher scales).
It is very well known that the problem of time is present in all quantum cosmological models [4, 5] . There are some attempts to recover the notion of time for FRW models with matter given by a perfect fluid for an arbitrary barotropic equation of state under the scheme of quantum cosmology (see [6] for more details).
II. EFFECTIVE MODEL
We start from a ten-dimensional gravity theory coupled with a dilaton (dilaton field is the bosonic component common to all superstring theories). In the string frame, the effective action depends on two space-time-dependent scalar fields: the dilaton Φ(x µ ) and the Kähler modulus σ(x µ ). For simplicity, in this work we shall assume that these fields depend only on time. The higher dimensional (effective) theory is therefore given by
where all quantitiesq refer to the string frame while the ten-dimensional metric is described by
where M, N, P, . . . are the indices of the ten-dimensional space, greek indices µ, ν, . . . = 0, . . . , 3 and latin indices m, n, p, . . . = 4, . . . , 9 correspond to the external and internal space, respectively. We will assume that the sixdimensional internal space has the form of a torus with a metric given by
with σ a real parameter. By reducing the higher dimensional action (1) to four dimensions and rewrite it in the Einstein frame (for more details see [2, 3] ) this gives the reduced action
where
being the volume associated to the six-dimensional space. By considering only a time-dependence on the moduli, one can notice that for the internal volume V ol(X 6 ) to be small, the modulus σ(t) should be a monotonic increasing function on time (recall that σ is a real parameter), whileV is time and moduli independent. Recently it has appeared an article related with our ideas. They work in the context of quantum cosmological models in a n-dimensional anisotropic space by introducing massless scalar fields [7] . It will be our subject as it was in our previous results [2, 3] We can mention that the moduli fields will satisfy a Klein-Gordon like equation in the Einstein frame as an effective theory. This will be possible to appreciate by taking a variation of the action (4) with respect to each of the moduli fields. Now with the expression (4) we proceed to build up the Lagrangian and the Hamiltonian of the theory at the classical regime employing the anisotropic cosmological Bianchi type V I h=−1 model. This is the subject of the subsection II A.
A. Effective Einstein equations in four dimensions
The equation of motions associated to the reduced action in four dimensions (4) can be obtained by taking variations with respect to each of the fields. So, in this sense we have that the Einstein equations and the Klein-Gordon like equations (EKG) associated to the fields (φ, σ) are given by
where is the d'Alembertian operator in four dimensions, which is written as = g αβ ∂ α ∂ β . Since we are interested in anisotropic background, we are going to assume that the four dimensional metric g αβ is described by the Bianchi type VI h=−1 model which line element can be read as (we write in usual way and in the Misner's parametrization)
where N(t) is the lapse function, the functions A(t), B(t) and C(t) are the corresponding scale factors in the directions (x, y, z), respectively, also using the Misner's parametrization for the radii in this model,
Writing the field equations (6) in the background metric (7), we see that the equation of motions (6a) are given by
the other components can be seen in the appendix VI, and (. . .) means derivative with respect to the proper time dτ = N(t) dt. From the last expressions, we can see that it is easy to solve the equation (9b), whose solutions is B(t) = C(t) (see the expression (A1b) of the appendix VI for more detailed derivation). This tell us that two scale factors evolve in the same way. From this result, we see also that the components G (as we can observe from the expressions (A1d), and (A1e)). On the other hand, the solution for the fields (φ, σ) are obtained from equations (9e), and (9f) whose solutions can be read as
By taking the relation between the proper and cosmic time (dτ = N(t)dt) we see that the lapse function N(t) can be choose as N ∼ AC 2 . This tell us that the lapse function plays the role of a gauge transformation. So, under this scheme it is possible to obtain a simpler solution in the cosmic time t, as
where (φ 0 , φ 1 , σ 0 , σ 1 ) are integration constants.
So far, we have found from the fields equations (6) that the radii B and C are equal for the Bianchi V I h=−1 , this classical hidden symmetry is relevant in the quantum level, because 21 years ago, was found a generic quantum solutions for all Bianchi Class A cosmological models in the Bohm's formalism [8] , and in particular for the Bianchi type VI h=−1 it was necessary to modify the general structure of the generic solution with a function over the coordinate β 1 − β 2 , with this result, the modification is not necessary, due to the fact that this function is a constant now, as we see using the Misner's parametrization of this cosmological model. On the other hand, the moduli fields (φ, σ) have the linear behavior in time, as we can see in the expressions (11) . These solutions were obtained by taking the gauge N ∼ AC 2 . This gauge choice will play a great role in the next section, when we deal with the classical Lagrangian and Hamiltonian which we shall obtain in the next section.
B. Misner parametrization
Using the Misner parametrization for the radii in this model,
with this, The EKG classical equations (6a,6b,6c), using this parametrization become
equation (16) imply that β − = β 0 = constant, then the last set of equations is read as (using the time parametrization
The solutions for the fields (φ, σ) are obtained from equations (22, 23) as
that in the gauge N ∼ e 3Ω , we have the simplest solution in the cosmic time t, as
where (φ 0 , φ 1 , σ 0 , σ 1 ) are integration constants, which are the same solution as in the previous parametrization of the metric.
III. CLASSICAL LAGRANGIAN AND HAMILTONIAN
We have found in the last section that the Bianchi V I h=−1 has two equal radii. With the idea to reach the quantum regime of our model, we shall develop the classical Lagrangian and Hamiltonian analysis. Through this picture we will find that we have one conserved quantity and this give us a first constraint in the Hamiltonian formulation. We start by looking for the Lagrangian density for the matter content. This is given by a barotropic perfect fluid, whose stress-energy tensor is [9, 10] 
which satisfies the conservation law ∇ ν T µν = 0. Taking the equation of state p = γρ between the energy density ρ and the pressure p of the comoving fluid, we see that a solution is given by ρ = C γ (AC 2 ) −(1+γ) with C γ the corresponding constant for different values of γ related to the universe evolution stage. Then, the Lagrangian density for the matter content reads
And then the Lagrangian that describes the fields dynamics is given by
In the last expression we have employed the result that the radii B and C are equal. Using the standard definition of the momenta Π q µ = ∂L ∂q µ , where q µ are the coordinate fields q µ = (A, C, φ, σ) we obtain the momenta associated to each field
and introducing them into the Lagrangian density, we obtain the canonical Lagrangian as L canonical = Π q µq µ − N H. When we perform the variation of this canonical Lagrangian with respect to N , δL canonical δN = 0, we obtain the constraint H = 0. In our model the only constraint corresponds to Hamiltonian density, which is weakly zero. So, we obtain the Hamiltonian density for this model
The last Hamiltonian can be rewritten in a simpler way by taking the transformations related with the generalized coordinates and momenta as Q = e q , and Π Q = ∂S ∂Q . So we see that the momenta can be transformed as follow Π A → Π A = e −a P a , where P a = ∂S ∂a , and we write in similar way the other momenta in the field (φ, σ), is say
In this case the Hamiltonian density takes the following form
where we have used the gauge transformation N = 8AC 2 . By using the Hamilton equations for the momentȧ P µ = − ∂H ∂q µ and coordinatesq µ = ∂H ∂Pµ , we havė
From the last system of differential equations it is possible to solve the equations (31b) by taking the solution associated to the momenta P a which is constant. we have c(t) = 2p a t + c o , and by transforming this solution to the original generalized coordinate, we obtain C(t) = C 0 e 2pat . On the other hand, to solve the momenta P c we use the Hamiltonian density to obtain 16e 4c = 2P a P c + α, where α = −p 
with P 0 an integration constant. So, by re-introducing this one into the last system of differential equations it is possible to solve them
where (φ 1 , σ 1 ) are integration constants, whereas φ 0 = − 
In the frame of classical analysis we obtained that two radii of the Bianchi V I h=−1 type are equal (B(t) = C(t)), presenting a hidden symmetry, which say that the volume function of this cosmological model goes as a jet in the x direction, whereas in the (y,z) plane goes as a circle. This hidden symmetry allows us to simplify the analysis in the classical context, and as a consequence, the quantum version will be simplified.
A. Flat FRW embedded in this Bianchi type VI h=−1
In the this subsection we explore the FRW case in this classical scheme, finding the following. Solving the standard flat FRW cosmological model in this proposals, we employed the usual metric
where a(t) is the scale factor in this model. The equation (26) gives the energy density ρ F RW = M γ a −3(γ+1) , and the lagrangian density is written as
and the corresponding hamiltonian density in the gauge N = 24a 3 and γ = 1, we use the transformation a = e A ,
with c 1 = 384πGM 1 . The Hamilton equations arė
the solutions for the moduli fields are
and the scale factor A, solving the equation (37a) is
12
. This solution is similar at the radii C=B in the Bianchi type VI, studied in the previous case. With this result, we can infer that the flat FRW cosmological model is embedded in this anisotropic cosmological Bianchi type model.
IV. QUANTUM SCHEME
In section III, we see that the Hamiltonian H is a constraint, and the lapse function N (t) is a non-dynamical degree of freedom. The last result tell us that we can extend our model to quantum scheme. This means that we have to solve the equation HΨ = 0, where Ψ is the wave function of the universe. The wave function is a functional Ψ(φ, σ, A, B), where (φ, σ, A, B) are the coordinates of the superspace. The last ideas are the basis of the canonical quantization and the equation HΨ = 0 is known as the Wheeler-DeWitt (WDW) equation. This equation is a second-order differential equation on superspace, that means, we have one differential equation in each hypersurface of the extended space-time (for more details see [11, 12] ). On the other hand, the WDW equation has factor-ordering ambiguities, and the derivatives are the Laplacian in the supermetric G ij [12] .
There most remarkable question that has been dealt with the WDW equation is to find a typical wave function of the universe, this subject was nicely addressed in [13, 14] , and related with the problem of how the universe emerged from a big bang singularity can be read in [4, 15] . One remarkable feature of the WDW equation is its similarity with KleinGordon equation. In order to achieve the WDW equation for this model we shall replace the generalized momenta Π q µ → i ∂ q µ in the Hamiltonian (29), these momenta are associated to the scale factors A and C, and the moduli fields (φ, σ). The WDW equation for this model can be built by doing
where p is a parameter which measures the ambiguity in the factor ordering. In this way, we obtain
where the constant C 1 is associated to γ = 1 in the Hamiltonian (29). The last partial differential equation can be rewritten by using the transformations A = e a and C = e c , and this can be read aŝ
By looking at the last expression, we can write the wave function Ψ(a, c, φ, σ) = Θ(a, c)Φ(φ, σ) and this give us two equations in a separated way
where µ 2 is the separation constant. The partial differential equation (41a) associated to the variables A and C has a solution by taking the following ansatz
where α is a real constant. With this in mind, we obtain
where we have defined the constant α 0 = C 1 + µ 2 − 2 α 2 + 2 (p + 1)α, and the solution is
where β = α0 2 2 α , and we used the scale factors A = e a and C = e c . On the other hand, the solutions associated to the moduli fields corresponds to the hyperbolic partial differential equation (41b), whose solution is given by
are integration constants, and Λ = µ − 33
. The last expression (45) has two different behaviors, these behaviors are given by the cases 48C
For the first case, we have that the behavior of the wave function associated to the moduli fields (φ, σ) is oscillatory, and this happens when C 1 ∈
9−
√ 33 48
√ 33 48 C 2 , with C 2 > 0. On the other hand, if C 2 < 0 we have that the quantum solution becomes hyperbolic functions, and this represents the second kind of solution, we summarize the solutions in the Figure 1 .
On the other hand, we see that the solution associated to the equation (41b) is the same for all Bianchi Class A cosmological models. It was the main result obtained in [2, 3] . This can be appreciated by observing the Hamiltonian operator (30), which can be split asĤ(a, c, φ, σ)Ψ =Ĥ g (a, c)Ψ +Ĥ m (φ, σ)Ψ = 0, whereĤ g yĤ m represents the Hamiltonian for gravitational sector and the moduli fields, respectively, and the scale factors have the transformations A = e a , C = e c . With the last results, we obtain the general solution to the WDW equation (40) whose wave function Φ can be built by taking the superposition of the functions (44) and (45), that is
where we have taken the constants G 0 = 1 and {C i } 4 i=1 = 1 for simplicity, and K is a constant the allows us to normalize the wave function. The normalization constant K can be obtained by demanding the condition
V. BOHM'S FORMALISM So far, we have solved the WDW equation (40), and we have found that the wave function Ψ can be split as the product of two wave functions Θ and Φ, which are given by (44,45). On the other hand, we know that WKB approximation is very important in quantum mechanics and therefore, we shall introduce an ansatz for the wave function Ψ to take the form
where W ( µ ) is an amplitude which varies slowly and S( µ ) is the phase whose variation is faster that the amplitude, this allows us to obtain eikonal -like equations. The term µ is the dynamical variables of the minisuperspace which are µ = a, c. This formalism is known as the Bohm's formalism too [12, [16] [17] [18] . So, the equation (41a) is transformed under the expression (48) into
The last expression (49) can be written as the following set of partial differential equations, as a WKB-like procedure 
and the solutions for the function S are S = S 0 a + S 2 c + S 3 e 4c ,
where S 0 , S 4 and S 5 are integration constants. When we introduce these results into the equation (41a), with Θ(
, this partial differential equation is satisfy identically.
VI. FINAL REMARKS
In this work we have developed the anisotropic Bianchi V I h=−1 model from a higher-dimensional theory of gravity, our analysis cover the classical and quantum aspects. In the frame of classical analysis we obtained that two radii of the Bianchi V I h=−1 type are proportional, we choose the equality (B(t) = C(t)) presenting a hidden symmetry, which say that the volume function of this cosmological model goes as a jet in x direction, whereas in the (y,z) plane goes as a circle. This hidden symmetry allows us to simplify the analysis in the classical context, and as a consequence the quantum version was simplified too. The last result we can compared it with the jet emission that occurs in some stars, in this sense we explore in this context the flat FRW cosmological model, finding that the scale factor goes to the B radii corresponding to Bianchi type VI cosmological model, we can infer that the flat FRW cosmological model is embedded in this anisotropic cosmological Bianchi type model. Concerning to the quantum scheme, we can observe that this anisotropic model is completely integrable with no need to use numerical methods. Some results have been obtained by considering just the gravitational variables in [19] . On the other hand, we obtain that the solutions in the moduli fields are the same for all Bianchi Class A cosmological models (45), the last conclusion is possible because the Hamiltonian operator in (29) can be written in separated way asĤ(A, C, φ, σ)Ψ =Ĥ g (A, C)Ψ +Ĥ m (φ, σ)Ψ = 0, whereĤ g yĤ m are the Hamiltonian for the gravitational sector and the moduli fields, respectively. The full wave function given by Ψ = Φ(φ, σ)Θ(A, C) is a superposition of the gravitational variables and the moduli fields. There are some recent research related on this line [7] , they built a wave packet for an arbitrary anisotropic background. However, one of the main problem in quantum cosmology is how to built a wave packet that allows to determine the possible states of the classical universe [20] [21] [22] [23] [24] [25] [26] [27] [28] . 
The expressions that involveq means derivative with respect to the cosmic time, and the relation between the cosmic and proper times is given by
With the last consideration we see that is possible to rewrite the last system of differential equations (A1) as followṡ
just to to mention the transformation of the scalar field. Under this change, we see that the system (A1) can be transformed into 
where we have use that the scale factors B(t) and C(t) are equal. This result can be obtained from the expression (A1b), whose differential equation can be transformed into the proper time as
